Orthogonal frequency division multiplexing (OFDM) has been adopted in many modern communication systems due to its robustness against frequency-selective fading channels as well as its near-rectangular spectrum that can achieve high spectral efficiency. However, its major drawback is the resulting signal with high peak-to-average power ratio (PAPR), which causes severe nonlinear distortion at the power amplifier (PA) unless input backoff is chosen sufficiently large. The effect of the nonlinear distortion is two-fold: out-of-band radiation and signal quality degradation. The former causes adjacent channel interference and thus degrades the bandwidth efficiency. The latter affects the system level performance and is often measured by the error vector magnitude (EVM). It is thus important for the system designer to analyze the nonlinear distortion caused by a given PA in terms of power spectral density (PSD) and EVM, but accurate calculation of these characteristics may be generally involved. In this work, by establishing the link between the cross-correlation coefficient of the input and output signals from PA and the resulting PSD, we characterize the in-band and out-of-band distortion of nonlinearly amplified OFDM signals based exclusively on the cross-correlation coefficient. The accuracy of the proposed approach is confirmed by both simulation and measurement using a real PA.
Introduction
As the mobile terminals become smaller while meeting their demand for communication with even higher data rate, the future wireless communication signals should satisfy high bandwidth efficiency without sacrificing power efficiency. Orthogonal frequency-division multiplexing (OFDM) signaling has gained significant attention due to its high bandwidth efficiency and robustness against frequency-selective fading channels. However, its well-known drawback is the high peak-to-average power ratio (PAPR) property of the resulting signals. High PAPR signal is difficult to amplify without sacrificing its power conversion efficiency at the linear power amplifier (PA). In order to maximize PA efficiency, it is essential to adjust the input signal to be amplified mostly around the saturation region. This PA operation http://jwcn.eurasipjournals.com/content/2014/ 1/199 Most wireless communication standards such as IEEE 802.11 wireless LAN strictly regulate the permissible spectral sidelobe levels in order to avoid ACI and thus enhance overall spectral efficiency of the multi-user systems. The error vector magnitude (EVM) is another measure that characterizes the performance degradation caused by nonlinearity due to the system impairments and often restricted by the specification. The EVM is an alternative measure for a ratio of the power of the received signal to that of the in-band distortion and noise [2, 6] .
Therefore, from the viewpoint of communication system designers, it may be helpful if performance measures such as power spectral density (PSD) and EVM of the PA output signal are easily predicted or estimated.
The PSD of the signals affected by the nonlinearity of the PA has been extensively studied, mostly in conjunction with the OFDM signals that can be characterized as a band-limited complex Gaussian process.
For example, in [7, 8] , based on the autocorrelation function of memoryless PA output signal, the out-of-band spectrum has been theoretically analyzed and good agreement with the experimental result has been observed. In [9, 10] , using cumulant expression as a generalization of the autocorrelation function, the closed-form polynomial expression is derived. In [11] , the spectrum estimation is performed by autocorrelation function with curve fitting by a series of Bessel function.
More recently, the nonlinearity analysis has been extended to the multiple-input and multiple-output (MIMO)-OFDM signals [12] [13] [14] as well as the degradation in terms of channel capacity [15] .
One of the major issues associated with the abovementioned approaches is how to accurately model a given PA. In principle, any well-behaved nonlinear function can be approximated by Taylor series expansion or a series of special functions, but reducing the residual error in the estimated PSD requires an addition of higher order terms. Incorporating higher order terms, in turn, makes the analysis complicated or even mathematically intractable.
In this work, we propose an approach to develop a simple model that can accurately characterize the PSD and EVM of the resulting OFDM signals. Our approach is based on the use of the cross-correlation coefficient between the input and output signals from the PA, which can be easily calculated from its AM-AM and AM-PM characteristics and input backoff (IBO) operation. This cross-correlation coefficient is directly related to the concept of the total signal-to-distortion power ratio (SDR) discussed in [2] . Here, we emphasize that unlike conventional curve fitting approaches, our approach does not necessarily require the precise expressions for the AM-AM and AM-PM curves of a given PA in order to characterize the resulting PSD and EVM. The accuracy of the proposed approach is confirmed by simulation as well as an experimental measurement using a real PA.
The major contributions of this work are summarized as follows: 1) We theoretically establish the link among the cross-correlation coefficient, total SDR as well as inband SDR (or EVM), and the resulting PSD. In particular, the effect of the higher-order distortion terms is theoretically analyzed for two representative and analytically tractable nonlinear models. 2) We propose a simple PSD estimation approach that only makes use of the crosscorrelation coefficient and the spectral shape of the thirdorder distortion.
3) The effectiveness of our approach is verified by both simulation and measurement using real PA with OFDM signal input. As is common in the statistical analysis of OFDM signals [8, 9, 11, 16, 17] , the PA input signal is assumed to be a zero-mean circular symmetric stationary complex Gaussian process [18] throughout this work.
This paper is organized as follows. A general mathematical expression of PSD for nonlinearly amplified Gaussian signals in terms of the correlation coefficients of input signals is described in Section 2, followed by its examination through two specific nonlinearity examples in Section 3. In Section 4, the proposed estimation of PSD based on the cross-correlation coefficient of input and output signals is developed and its application to OFDM signaling is discussed. The simulation and experimental results are compared with those based on the proposed theoretical approach in Section 5. Finally, the concluding remarks are given in Section 6.
PSD expression of nonlinearly amplified
Gaussian signals
Input signal model
Throughout this paper, we assume that a complex baseband signal z i (t) input to the PA is characterized as a zeromean circular symmetric stationary complex Gaussian process, which is considered as an accurate model for OFDM signals with a large number of subcarriers. It then follows that z i (t) is expressed as
where
and y i (t) = {z i (t)}. By assumption, x i (t) and y i (t) can be considered as statistically independent real-valued zeromean Gaussian processes. The autocorrelation function of a stationary process z i (t) can be defined as where E{·} denotes an expectation operator. The corresponding correlation coefficient can be expressed as
is the average power of z i (t). It also follows that
where ρ x i (τ ) is a real-valued correlation coefficient, and thus, ρ z i (τ ) is a real-valued function as well, satisfying
Correlation coefficient of output signals
In principle, the amplitude and phase distortions associated with a PA depend only on the amplitude of input signal envelope r(t) [9] , and the corresponding output baseband signal z o (t) from the PA can be expressed as
where g [·] and φ[·] denote the AM-AM and AM-PM conversions, respectively, and the complex gain is defined as
Following the results by Blachman [19] , when the input signal is expressed as a complex stationary Gaussian process, the correlation coefficient of the output signal z o (t) can be expressed in terms of the correlation coefficient of the input signal
The coefficient C n ∈ R associated with the (2n + 1)th order term is expressed as [19] 
where p(r) is the probability density function (PDF) of the input envelope r(t) = |z i (t)|, which follows Rayleigh distribution, and expressed as
(The above PDF assumption is valid for the OFDM system without PAPR reduction. When the PAPR of input signal is reduced before power amplification, the use of other distributions, e.g., [20] , may result in more accu- (12) is the generalized Laguerre polynomial [21] , which can be expressed in a polynomial form for a non-negative integer m as
Note that in the case
0 (x) = 1 for any x, (12) reduces to
and thus
where ρ z i ,z o ∈ C corresponds to the cross-correlation coefficient of z i (t) and z o (t):
PSD of output signals
As a consequence of Bussgang theorem [22] , the output autocorrelation function of a nonlinearly transformed Gaussian signal is decomposed as a sum of the scaled version of the autocorrelation function of the input signal and that of the distortion component uncorrelated with the input signal. It thus follows that the term with n = 0 in (8), or equivalently (17) , represents the useful signal component and the remaining terms correspond to distortion. In fact, taking Fourier transform of (8) gives the normalized PSD, which is expressed as
where S x i ( f ) is the PSD of the input signal directly obtained by Fourier transform of the correlation coefficient of input signal ρ x i given by
and S
(m) x i
denotes the self-convolution process with m times, i.e.,
with corresponding to convolution operation. We also note that due to the normalization, we have
for any positive integer m.
In principle, once the input signal PSD S x i ( f ) and C n are known, the output PSD can be determined through the above equations. In the case of OFDM, it is reasonable to assume that the PSD is rectangular, and in this case, the closed-form expression can be obtained for their selfconvolution terms as will be discussed in Section 4.4. On the other hand, the coefficient C n involves the nonlinear function G(r) and whether it can be given in a tractable form or not depends on the mathematical structure of G(r).
Examples of distortion coefficients for nonlinearly amplified Gaussian signals
In this section, we examine the effect of sharpness and smoothness of the nonlinearity on the resulting PSD by analyzing the coefficients C n /ξ in (19) . The two specific example AM-AM models, i.e., soft envelope limiter model and erf model, are considered as our representative examples.
Analysis of coefficients
By substituting (13) into (12), we obtain
In general, except for some special cases of G(r), (23) should be numerically calculated. The soft envelope limiter model and erf model turn out to result in analytically tractable expressions, where the former serves as an example of sharpest nonlinearity (but perfectly linear up to the saturation point) and the latter as a smooth nonlinearity (but severer in terms of amount of distortion [23] ). These nonlinearity functions (including those described later in Section 5) are compared in Figure 1 .
Soft envelope limiter model
The soft envelope limiter model is defined as where A max denotes the maximum envelope level of input signal where it is linearly amplified. Note that without loss of generality, the amplifier gain is normalized to unity and the AM-PM characteristic is absent (i.e., φ(r) = 0) in this model. The clipping process is controlled by the IBO (or clipping ratio) γ = A max / √ P in . By substituting (24) into (23) and after some algebra, we obtain
where (a, b) is the incomplete gamma function given by
and (a) = (a, 0). Note that in [11] , a recursive expression of C n for the soft envelope limiter is derived. On the other hand, from (25) , one may directly obtain the following form:
where erfc(x) = 1 − erf(x) is the complementary error function with the error function erf(x) defined as
(a) k is the Pochhammer symbol [21] given by
and
Eq. 27 states that C n can be expressed by the square of linear combinations of terms γ 2l e −γ 2 and γ erfc(γ) for l = 0, 1, . . . The first three coefficients are calculated as
The output power can be derived by using (10) and the output/input power ratio ξ is given by
erf model
The erf model is defined as [2, 24] 
where A max in this case corresponds to the maximum output envelope level if the power gain is normalized to unity. By substituting (35) into (23), C n can be expressed using γ = A max / √ P in as
where 2 F 1 (a, b; c; z) is the hyper-geometric function [21] , and can be expressed as the following infinite series expression:
The infinite series in the above expression rapidly converges when γ is not too small and thus easy to calculate in the case of a practical operation scenario. Finally, the output/input power ratio ξ can be calculated as [2] Figure 2a ,b shows the relationship between C n /ξ and γ dB in the case of soft envelope limiter model and erf model, respectively, where the IBO here is defined as γ dB 20 log 10 γ . As expected from (17) and (18), since the correlation between the input and output signals becomes higher as we increase IBO, the effective signal term (C 0 ) increases, whereas the other terms that represent residual distortions decrease. In the case of the soft envelope limiter, when γ dB is low, the third-order distortion term (C 1 ) becomes dominant, but as γ dB increases, higher-order terms eventually dominate. This particular behavior is mostly specific to the case of the soft envelope limiter which has a piecewise linear characteristic such that the envelope undergoes severe nonlinearity at the saturation point. On the other hand, in the case of the erf model, the third-order distortion term (C 1 ) is always dominant and higher-order terms become less dominant, and this holds almost regardless of the IBO value. Therefore, for many practical amplifiers that have smooth nonlinearity, the third-order term may be considered as the most effective factor in the PSD analysis.
Discussion

Simple expressions for approximate PSD and EVM upper bound
In this section, we first establish the relationship between the nonlinearity behavior and signal-to-distortion power ratio under the assumption of Gaussian input signals. We will then develop a simple approach that does not require any curve fitting but still can estimate the PSD as well as the resulting in-band distortion even if the function G(r) is only partially measured or the signal-to-distortion power ratio is known only at the detector. http://jwcn.eurasipjournals.com/content/2014/1/199
Total signal-to-distortion power ratio
From (19) and (22), we observe that the total signal power after nonlinear amplification is expressed as
where the first term n = 0 corresponds to the useful signal component and the others correspond to distortion. Therefore, the total SDR can be defined as
where |ρ z i ,z o | 2 is defined in (17) . This is referred to as a design SDR in [2] and can be easily calculated through the measurement of only the cross-correlation coefficient (18).
Effective signal-to-distortion power ratio
As mentioned in [2] , the total SDR defined above contains both in-band and out-of-band distortion components, whereas the in-band distortion is only a dominant factor for detection of the data. Thus, the effective SDR may be defined based on the in-band distortion component only. To this end, we divide the power spectra corresponding to the order n ≥ 1 into the in-band and out-of-band components as
where D in and D out represent the frequency regions corresponding to in-band and out-of-band, respectively.
The effective SDR is then defined as
We denote the most dominant in-band spectral component as
Then, we have
The EVM can be then upper-bounded by
Simple approximate expression of power spectral density using cross-correlation coefficient
In Section 3.2, we have seen that in both the cases of smooth and sharp (including piecewise linear) nonlinearity, the third-order component (C 1 /ξ ) is a dominant factor of distortion. Using this fact, we establish the simple approximate PSD expression based only on the input/output cross-correlation coefficient and the PSD of input signals. First, let us express (19) as
Since in general C n /ξ becomes smaller as n increases, δ( f ) in the above expression may be negligibly small in most scenarios, and ignoring this term leads to the following approximate PSD expression:
Power spectrum expression for band-limited OFDM signals
The calculation of the exact spectrum (19) or its approximate form (47) requires the knowledge of the input signal spectrum and its self-convolution. So far, we have not specified the form of the input signal spectrum, and we will now focus on the band-limited OFDM signals. Let us http://jwcn.eurasipjournals.com/content/2014/1/199 define the lth complex baseband OFDM signal centered at the zero frequency that can be expressed as [25] 
where N is the number of subcarriers, X l,k denotes a QAM (or PSK) symbol on the kth subcarrier of the lth OFDM symbol, and T is a symbol period. Note that z i,l (t) defined in (48) is periodic with period T, and the resulting input signal formed by the consecutive OFDM symbols may be expressed as
where w(t) is a windowing function of length T s > T that controls the smoothness of the transition between the consecutive OFDM symbols. Strict characterization of the PSD requires the knowledge of w(t) as it also causes the spectral leakage. In this paper, however, we focus only on the out-of-band radiation caused by nonlinear distortion through examination of only one OFDM symbol for simplicity, and the effect of the spectral leakage caused by this windowing will not be considered. Provided that {X l,k } are independent and identically distributed (i.i.d.), as N increases, the distribution of the OFDM signal is known to approach that of a complex Gaussian random process with near rectangular spectral shape. Therefore, in what follows, we assume that z i (t) is an ideally band-limited Gaussian random process whose PSD is expressed as
Then, its self-convolution can be expressed by [26, 27] 
where l = 0, 1, · · · , n. In particular, when n = 1, we obtain
After some algebraic manipulation, we obtain the expression of the power that falls in-band as
It follows that the first four terms (n = 1, 2, 3, 4) can be calculated as (55) and we observe that it decreases monotonically. Thus, the maximum in-band spectral component is β * ,in = 2 3 in this case. Consequently, the following observation can be made from (44). The effective SDR and the total SDR are related by
That is, the effective SDR is at least 1.76 dB higher than the total (or design) SDR in the case of OFDM signals with near rectangular spectrum, which agrees with the observation given in [2] .
The PSDs of the several beginning orders of S (2n+1) x i in the case of the rectangular input spectrum are plotted in Figure 3 . It is observed that with increasing n, the in-band component steadily decreases and thus the sidelobe power increases accordingly.
Numerical and experimental results
In this section, through simulation and actual measurements, we verify the effectiveness of the proposed theoretical PSD expression derived in the previous section. The simulation and experimental procedures are illustrated in Figure 4 .
Calculation of PSD and EVM for simulation and measurement
In this work, we calculate the periodogram by taking an ensemble average of the square of discrete Fourier transform of the generated and power amplified complex baseband OFDM signals. Upon evaluating the periodogram through simulation and measurement, the N-subcarrier OFDM signal is sampled only for one OFDM symbol http://jwcn.eurasipjournals.com/content/2014/1/199
Figure 3
The self-convolution of the power spectral density S (2n+1) xi for n = 0, 1, 2, and 3.
period with J times oversampling, i.e., with J N-point FFT. In this manner, the effect of the spectral leakage associated with OFDM symbol transition is eliminated from our PSD calculation, and the results become consistent with our theoretical analysis.
For the EVM, we calculate the root mean square error between the detected symbolX l,k and the transmitted symbol X l,k scaled by an optimal attenuation factor, i.e., [2] 
This will be compared by the upper bound based on the total SDR, i.e., (45) with β * ,in = 
Calculation of cross-correlation coefficient for measurement
The calculation of our proposed approximate PSD at least requires the knowledge of the cross-correlation coefficient (17) . In the case of the measurement where the AM-AM and AM-PM curves of the PA are not known a priori, we perform its calculation as follows. Let r n denote the nth input envelope level at which the corresponding AM-AM and AM-PM of the PA are measured, and let us choose them such that the interval of any closest two samples is equal, i.e., we choose {r n } such that for any n, r n+1 − r n = r where r is constant. Let g(r n ) and φ(r n ) denote the corresponding measured amplitude and phase responses to r n . From (17), one may express the estimate of the cross-correlation coefficient as (59), where 
γ 0 A 0 / √ P in corresponds to the IBO with the reference maximum envelope level denoted by A 0 .
Simulation setup
For the Monte-Carlo simulation, we generate 1,024,000 OFDM symbols with the number of subcarriers N = 256, where each subcarrier is modulated by QPSK except for the center subcarrier that is set to be null. Since arbitrary PA characteristics can be generated for simulation, in addition to the soft envelope limiter and erf models described in Section 3.1, we consider the well-adopted Rapp and Saleh models described below as our reference of more practical PA models. Their complex gains are plotted in Figure 1 . For both cases, the coefficients C n of (23) may not be expressed in a convenient analytical form, and thus they should be calculated numerically.
Rapp model
The Rapp model (also known as Cann model [28, 29] ) is frequently adopted for describing an SSPA model and given by [4] g(r) = r
where the definition of A max is the same as that of the erf model, and p is a smoothness factor that controls transition from linear to nonlinear region of PA. Note that there is no AM-PM effect in the Rapp model, that is, φ(r) = 0. Throughout this work, p = 3.0 will be adopted as a relatively good AM-AM example.
Saleh model
In contrast to the Rapp model which has no AM-PM effect, we examine the TWTA model based on the Saleh model [5] . The AM-AM characteristic is given by
and its AM-PM characteristic is
Experimental setup
In the case of the measurement using actual PA where the basic configuration of the experimental setup is illustrated in Figure 4 , the data used for generating the input OFDM signals are chosen to be the same as those used in the simulation process. The complex baseband OFDM signal is generated by a computer and then up-converted to the RF signal by the vector signal generator (VSG). The number of the OFDM symbols generated for this measurement is 576,000. The RF-modulated signal by VSG is then power amplified by the actual PA and then is fed after attenuation of the signal power to the oscilloscope where the nonlinearly amplified signal is captured and down-converted to the baseband OFDM signal. Finally, the captured data is analyzed by computer in terms of the resulting PSD and EVM. The PA used in this measurement is the SSPA with gain of 29 dB at 2 GHz, and operates with the input signal frequency ranging from 2 MHz to 3 GHz. Our measurement was performed at 800 MHz. The bandwidth of the OFDM signal was set as 12.5 MHz. The AM-AM and AM-PM characteristics have been measured by the single frequency input from VSG, and their characteristics are plotted in Figure 5 .
Numerical and experimental results
For all the theoretical results on PSD, we refer to the results as 'exact' when it is calculated using (19) with the coefficients C n given by (23) , where the summation is taken up to n = 10 terms. On the other hand, the proposed simple approximate form (which will be referred to as 'approximation' in the results) is based on (47) where the cross-correlation coefficient is calculated from (17) . For the exact case, the required self-convolution of the spectrum is calculated using (51), whereas only (53) is used for the approximation.
Power spectral density
We start with the PSD results for the OFDM signal amplified by the soft envelope limiter shown in Figure 6a . In all the cases of IBO examined, it is observed that the exact one and simulation well agree. Furthermore, the proposed simple approximation shows good agreement with the simulation results and this tendency becomes noticeable as the IBO decreases. The reason for this behavior can be verified from Figure 2a where the lower-order nonlinear distortion is dominant in lower IBO, whereas higher-order terms eventually prevail as IBO increases. For example, we observe from Figure 2a that the amount of nonlinear distortion of n = 2 becomes greater than that of n = 1 when the IBO is higher than 6.5 dB.
Next, we examine the erf model, and the results are shown in Figure 6b . In this case, we observe that all the three cases show almost perfect agreement. This is due to the fact that the third-order nonlinear distortion is dominant in all the IBO range of interest as observed from Figure 2b .
The results for the cases of Rapp (with p = 3.0) and Saleh models are shown in Figure 7a ,b, respectively, where we observe the tendencies similar to the soft envelope limiter and erf models, respectively. This behavior can be also inferred from the similarity of the AM-AM characteristic curves shown in Figure 1 .
In the case of measurement, the approximate PSD is calculated based on the measured cross-correlation coefficient using (59). The corresponding theoretical PSD is compared with the measured PSD in Figure 8 . We observe that our approximation approach can capture the distortion accurately, especially when IBO is relatively small as expected.
Error vector magnitude
The EVMs in the case of soft envelope limiter and erf models are calculated by the simulation and shown in Figure 9 , together with the corresponding theoretical upper bounds.
We observe that both the simulation results and upper bounds well agree, which may justify the accuracy of our proposed analytical approach. It is interesting to observe that when the two curves are compared with the same IBO value, soft envelope limiter has higher EVM value when IBO is lower than 3 dB, even though it rapidly decreases as IBO increases compared to that of the erf model. We note that similar agreement behavior has been also observed for the Rapp and Saleh models.
Finally, in Figure 10 , the EVM calculated based on the measurement is compared with the corresponding upper bound based on the theoretical calculation using measured cross-correlation coefficient. For low-IBO region, good agreement is observed between the measured results and our upper bound as expected. However, we observe some gap when the IBO is high where high SDR is expected. Several reasons can be considered for this behavior. First, since the number of subcarriers considered in this work is not large (N = 256), the assumption of an OFDM signal as a Gaussian process may not be accurate enough.
Second, since the OFDM signals with high peak power occur less frequently than those with low peak power [16] , the event that the OFDM signal is affected by nonlinear distortion becomes rare [30] , especially in the high-SDR region where the IBO is set high.
Finally, the measured results are affected not only by the nonlinear distortion but also by the additive white Gaussian noise (AWGN) (due to the thermal noise) as well as the quantization noise, where the latter two factors are not taken into consideration in our theoretical calculation.
Conclusion
In this work, based on the exact mathematical model, we have first established the relationship between the crosscorrelation coefficient of the input and output envelope of the nonlinearly amplified Gaussian signals (or total SDR) and its power spectral density. Based on this result, we have proposed a simple approximate expression for the PSD and EVM of the nonlinearly amplified OFDM signals that can be derived using the cross-correlation coefficient calculated only from the AM-AM and AM-PM characteristics of a PA.
Through computer simulation and actual measurement, the effectiveness and accuracy of our approach have been demonstrated. Even though this approach is theoretically valid only for the Gaussian signals with rectangular spectra, which can be approached by the OFDM with a large number of subcarriers, it is expected to offer an approximate solution for other linearly modulated signaling cases. Further investigation may be necessary to investigate the applicability of the proposed approach to other modulation formats.
